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Abstract
It is shown that the Scherk–Schwarz reduction of M–theory in the Berman–
Perry duality invariant formalism to 6 and 5 dimensions reproduces the known
structures of gauged supergravities that are normally associated to non–geometric
compactifications. The local symmetries defined by the generalised Lie deriva-
tive reduce to gauge transformations that exactly match those given by the
embedding tensor of gauged supergravity.
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1 Introduction
The low energy limit of M-theory is eleven dimensional maximal supergravity. When
dimensionally reduced this theory possesses various duality symmetries depending on the
dimension of the internal space and its geometry. Toroidal compactifications of maximal
supergravity from 11 to 11−n dimensions lead to maximal supergravities with En(n) as a
global duality group and abelian U(1)nV as a local group where nV stands for the number
of vector fields. These theories have been studied extensively in the past 30 years and after
a great deal of work [1, 2, 3, 4, 5, 6] it was concluded that the so-called gaugings are the
only consistent supersymmetric deformations of these theories. However, in general not all
gaugings of supergravities can be found as dimensional reductions of eleven dimensional
supergravity. The so-called non-geometric gaugings do not correspond to any choice of
internal manifold (for a review of gauged supergravities see [7]).
A similar situation occurs when one considers backgrounds of string or M-theory which
allow U-duality transformations as proper transition functions. Such backgrounds are
the so-called U-folds [8] and cannot be described in terms of ordinary manifolds and
1
Riemannian geometry [9, 10, 11]. The dimensional reduction on these non-geometric
backgrounds was extensively explored for years, see for instance [12, 13, 14, 15, 16, 17, 18]
and more recently [19, 20, 11].
The recently developed framework of the extended geometry where the space is aug-
mented describes both geometric and non-geometric backgrounds on equal footing. This
is done by introducing the so-called dual coordinates that correspond to winding modes
of strings or membranes. In the case of T-duality the duality group is O(d, d) and the
space is just doubled [21, 22] giving the name of Double Field Theory [23, 24, 25, 26, 27].
In M-theory the situation is a little bit more subtle since the duality group jumps with
dimension [28, 29, 30, 31, 32, 33, 34, 35, 36]. In dimension d one has the group Ed as
a duality group with the identification E4 ≡ SL(5) and E5 ≡ SO(5, 5). The dimen-
sions d > 8 are not fully understood since they correspond to the infinite-dimensional
Kac-Moody algebras E9, E10 and E11 [37]. The U-duality covariant metric of the M-
theoretic extended geometry was described in [28, 38] and its applications were consid-
ered in [39]. The geometry of the extended space in this formalism is still a mystery
although certain progress in understanding the geometry of double field theory has been
made [40, 41, 42, 43, 44]. One cannot consistently construct a supersymmetric version
of the extended geometry formalism in an ordinary way because of the dimensionality
of the extended space; the supersymmetric extension of the approach based on Hitchin’s
generalised geometry [45, 46, 47], where one only extends the tangent space, has recently
been described [48, 49]. For double field theory, significant progress has been made in
[50, 51, 52, 53, 27] where one uses projectors on appropriate subspaces.
The idea of dimensionally reducing on a non-geometric background becomes very nat-
ural in the context of extended geometry. Non-geometry becomes described in geometric
terms from the point of view of the extended space. The relationship between the ex-
tended geometry and gauged supergravities has been explored in [54, 55, 56, 57] and
involves the Scherk-Schwarz reduction [58] of the extended space.
An important feature of the extended geometry is a constraint called the physical
section condition or strong constraint. This condition reduces the number of dimensions to
only physical ones and is required for consistency of the algebra of local transformations.
In particular, it is needed to make the effective potential invariant under local gauge
transformations. In general, the consistency of the theory requires all dynamical fields
and their products to obey the section condition. This in turn means that the extended
geometry approach is just a rewriting of the supergravity in terms of duality covariant
variables.
As it was shown in [54, 56] for backgrounds that satisfy an appropriate Scherk-Schwarz
anzatz this constraint can be relaxed to a weaker one. The local transformations generated
by a Dorfmann or generalised Lie derivative reduce to gauge transformation. The gauge
group generators are written explicitly in terms of the Scherk-Schwarz twist matrices
and are identified with the embedding tensor of gauged supergravity. The closure of the
algebra and the gauge invariance condition on the structure constants give the quadratic
constraint that replaces the section condition.
In this paper we work with the global duality groups SO(5, 5) and E6(6) which corre-
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spond to the number of dualised coordinates d = 5 and d = 6 respectively. Scherk-Schwarz
reduction of the extended space leads to the gauge group generators of D = 6 and D = 5
maximal gauged supergravities with D = 11 − d. Finally, the effective potential of the
extended geometry that involves the generalised metric and its derivatives becomes the
scalar potential of the corresponding maximal gauged supergravity. We show that the
effective potential can be written only in terms of the gauge group generators and it is
invariant under gauge transformations. In what follows the number of compact directions
is always denoted by d while the number of non-compact directions is denoted by D.
This paper is organized as follows. In section 2, we review the Berman-Perry formalism
for M-theory its local symmetries and physical condition. In section 3, we look at the
Scherk-Schwarz reduction of the extended space and its relation to the embedding tensor.
In section 4, we briefly review five and six dimensional maximal gauged supergravities their
algebraic structure and scalar potentials. Notations for indices, coset representatives and
invariant tensors are mainly introduced in this section. Finally in sections 5 and 6 we
derive the algebraic structure of the Scherk-Schwarz reduced extended geometry, perform
the reduction of the effective potential and identify the resulting potential. The short
appendix with some details of calculations and properties of the corresponding algebras
is included at the end of the paper.
2 Extended geometry
The duality manifest formalism is based on the notion of an extended space. This space
unifies ordinary coordinates and the so-called dual coordinates that correspond to winding
modes. Such an approach allows to put both translational and winding degrees of freedom
of extended objects on the same footing.
The invariant dynamics is constructed using the generalised metric that is given in
terms of the background supergravity fields. Each field and each brane or string charge
have corresponding coordinates: for the metric we have ordinary coordinates xµ, the NS-
NS Kalb-Ramond field Bµν that couples to a string leads to d dual coordinates x˜µ if
U-duality acts in the d-dimensional space, the 3-form field of M-theory Cµνρ couples to a
membrane and corresponds to a dual coordinate yµν . This leads to U-duality covariant
formulation of a theory.
While in the case of type II string theory the T-duality group is O(d, d) for any
dimension d, the M-theory case is more tricky since the duality group is different in
different dimensions.
d Global duality group Local duality group RV
4 SL(5) SO(5) 10
5 SO(5, 5) SO(5)× SO(5) 16
6 E6 USp(8) 27
7 E7 Sp(8) 56
8 E8 SO(16) 248
There are two main reasons for such a behaviour. The first is that fundamental objects
of M-theory are known to be 2- and 5-branes. That is for d < 5 the 5-branes do not
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play a role and their winding modes do not contribute. The other reason is that the
number of winding modes for a 2-dimensional object in d compact dimensions is given by
d(d−1)/2. Compare with the stringy case where the number of dual coordinates is always
d for d compact dimensions. Under the action of the duality group vector multiplets in
the supergravity with d compact dimensions transform as the representation RV which is
listed in the table above.
A key geometric structure on the extended space is the generalised Lie derivative. It is
defined by the Dorfmann bracket that is a natural product of elements of the generalised
tangent bundle [45, 46].
Consider an extended space S with coordinates XM which emerges as an extension
of the ordinary d-dimensional space and is labelled by the index M that runs from 1 to
nV = dimRV . We will ignore the other space-time coordinates that do not have duals.
The transformation of tensors that is consistent with the Courant bracket [ , ]C is
defined by the generalised Lie derivative [18]
δΣQ
M = (LΣQ)M = (LΣQ)M + Y MNKL ∂NΣKQL,
[Q1, Q2]C =
1
2
(LQ1Q2 − LQ2Q1) .
(1)
Here both the transformation parameter ΣM and the vector QM are functions of the
extended coordinate XM and the tensor Y MNKL is an invariant tensor of the corresponding
U-duality group and it is basically a projector [59]:
O(d, d)strings : Y
MN
PQ = η
MNηPQ, ,
SL(5) : Y MNPQ = 
αMNαPQ,
SO(5, 5) : Y MNPQ =
1
2
(Γi)MN(Γi)PQ ,
E6(6) : Y
MN
PQ = 10d
MNRdPQR ,
E7(7) : Y
MN
PQ = 12c
MN
PQ + δ
(M
P δ
N)
Q +
1
2
MNPQ .
(2)
Here the index α runs from 1 to 5 labelling the representation 5 of SL(5) and the index
i labels the 10-dimensional vector representation of SO(5, 5). The invariant metric on
O(d, d) is denoted by ηMN , αMN = α,βγ,δ is the SL(5) alternating tensor, SO(5, 5)
gamma-matrices ΓiMN are 16×16 gamma-matrices in Majorana-Weyl representation, the
tensors dMNK and c
MN
KL are symmetric invariant tensors of E6 and E7 respectively.
The generalised Lie derivative LΣ is a deformation of the ordinary Lie derivative LΣ.
The deformation is given by the invariant tensor Y MNKL that is subject to various important
relations that will be used later [60]
Y
(MN
KL Y
L)R
PQ − Y (MNPQ δR)K = 0 , for d ≤ 5,
Y MNKL = −αdPKMLN + βdδMK δNL + δML δNK ,
Y MAKB Y
BN
AL = (2− αd)Y MNKL + (Dβd + αd)βdδMK δNL + (αd − 1)δML δNK .
(3)
Here d = 11−D is the number of compact directions and PABCD is the projector on the
adjoint representation of the corresponding duality group. It is defined as PA
B
C
DPD
C
K
L =
4
PA
B
K
L and PA
B
B
A = dim(adj). The coefficients αd and βd depend on the duality group
and for the cases in question take numerical values (α4, β4) = (3,
1
3
), (α5, β5) = (4,
1
4
),
(α6, β6) = (6,
1
3
). The last line in (3) with D = δAA is a direct consequence of the second
relation and the properties of the projector. The first line is true only for n ≤ 5 and the
relevant identity for E6(6) duality group reads
10PQ
(M
T
NPR
P )
S
T − PR(MSNδP )Q −
1
3
dMNPdQRS = 0 (4)
The invariant tensor plays very important role in the formalism of the extended ge-
ometry providing closure of the algebra of the generalised Lie derivatives. The closure
constraint reads
[LV1 ,LV2 ]− L[V1,V2]C = F0, (5)
where the RHS is in general non-zero. The so-called section condition assures that the
algebra is closed i.e. F0 = 0 and can be written as
Y MNKL ∂M • ∂N• = 0, (6)
where • denotes any U-duality covariant expression. The Jacobiator of the transforma-
tions δΣ given by (1) is zero up to the section condition as well.
The generalised metric is a dynamical field of the theory and along with its derivatives
contributes to the effective potential [35, 25]. This potential transforms under (1) as a
scalar only if the section condition is satisfied. In the next sections we show that the
Scherk-Schwarz reduction of the theory to five and six dimensions is consistent without
the section condition constraint in the form in which it was formulated above.
3 Scherk-Schwarz reduction
In contrast to the Kaluza-Klein reduction here the dependence on internal coordinates is
hidden in so-called twist matrices WAB¯(X) that are subject to various constraints. For
the case at hand we consider the whole extended space as an internal space and let the
remained D-dimensional space to be whatever it wants to be [54, 56]:
TA1...Am(XM , x(D)) = W
A1
B¯1(X) · · ·WAm B¯m(X)T B¯1...B¯m(x(D)), (7)
where T is any generalised tensor with m upper indices. Using inverse matrices WbarB
A
similar expression can be written for a tensor with lower indices. From now on we will not
include the dependence on x(D) since it doesn’t affect the extended geometry formalism.
The barred indices are the twisted ones (flat) and the unbarred are the untwisted ones
(curved). To simplify notations we will use the unbarred indices for the flat space in cases
where this does not confuse.
The important feature of the Scherk-Schwarz reduction is that it allows non-abelian
gauge groups. Substituting the anzatz (7) into the local transformations of the initial
5
theory that are given by the generalised Lie derivative (1) we obtain the following trans-
formation of the vector QA
δΣQ
A = (LΣQ)A = WAB¯XK¯L¯B¯ΣK¯QL¯. (8)
Here the coefficients XMN
K are defined as
XA¯B¯
C¯ ≡ 2WCC¯∂[A¯WB¯]C + Y C¯D¯M¯B¯WCM¯∂D¯WA¯C (9)
with the antisymmetrisation factor of 1/2, and are assumed to be constants. One should
note that in the case of extended geometry these ”structure constants” are not antisym-
metric.
We recall the closure constraint (5)
L[X1,X2]CQM − [LX1 ,LX2 ]QM = −FM0 . (10)
Assuming that XMN
K is constant and substituting the twist anzatz (7) and the explicit
form of F0 [35, 34] this implies
1
2
(
XA¯B¯
C¯ −XB¯A¯C¯
)
XC¯E¯
G¯ −XB¯E¯ C¯XA¯C¯ G¯ +XA¯E¯ C¯XB¯C¯ G¯ = 0 (11)
for any X1 and X2. If we define XMN
K = (XM)N
K this can be written in the suggestive
form
[XA¯, XB¯] = −X[A¯B¯]C¯XC¯ . (12)
This allows one to interpret the structure constants as the components of the generators
XM of the algebra of transformations
δΣQ
A¯ = XK¯L¯
A¯ΣK¯QL¯ (13)
in adjoint representation. By making use of the closure constraint (12) we find the Jaco-
biator
[δΣ1 , [δΣ2 , δΣ3 ]]V
F¯ + c.p. =(
X[A¯B¯]
E¯X[E¯C¯]
G¯ +X[C¯A¯]
E¯X[E¯B¯]
G¯ +X[B¯C¯]
E¯X[E¯A¯]
G¯
)
XG¯D¯
F¯ΣA¯1 Σ
B¯
2 Σ
C¯
3 V
D¯,
(14)
where c.p. denotes cyclic permutations. The right hand side of this equation is the
Jacobi identity of the antisymmetric part X[MN ]
K projected into the algebra generator.
For the consistency of the algebra of transformations the right hand side should vanish.
We emphasise that the Jacobi identity for X[MN ]
K needs only to hold after the projection.
We need XMN
K to be not only constants but also invariant objects under the local
symmetry transformations. As it will be shown later it is necessary so that the reduced
effective potential does not depend on the internal coordinates and transforms as a scalar.
As it follows from the definition (8) the structure constants XMN
K should transform as
a generalised tensor
δΣXA¯B¯
C¯ = ΣE¯
(
[XE¯, XA¯]B¯
C¯ +XE¯A¯
D¯(XD¯)B¯
C¯
)
. (15)
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This leads to the final quadratic constraint on the structure constants
[XA¯, XB¯] = −XA¯B¯C¯XC¯ . (16)
We conclude from this constraint that the symmetric part ZMN
K = X(MN)
K should vanish
when projected into a generator
ZA¯B¯
C¯XC¯ = 0 . (17)
The quadratic constraint (16) on its own is enough to ensure that the Jacobiator (14)
vanishes and the algebra is closed. This can be seen by considering the Jacobi identity for
the commutator appearing in (16). Hence the closure condition can be relaxed from the
section condition that restricts fields and their products to a condition on the structure
constants XMN
K that define the algebra of gauge transformations.
4 The embedding tensor formalism in gauged super-
gravity
Toroidal compactification of eleven-dimensional supergravity gives rise to maximal su-
pergravities in D = 11 − d dimensions which admit a global G = Ed(d) duality (or
Cremmer-Julia) symmetry. These theories allow SUSY preserving deformations, known
as gaugings, in which some subgroup of the global Ed(d) symmetry is promoted to a local
symmetry. The resultant gauged supergravities have non-abelian gauge groups and de-
velop a potential for the scalar fields. A universal approach to gauged supergravities is the
embedding tensor (for a review see [7]) which describes how the gauge group generators
are embedded into the global symmetry. Treated as a spurionic object the embedding
tensor provides a manifestly G covariant description of the gauged supergravities.
In addition to the global Ed(d) symmetry the toroidally reduced theories also posses
a global R+ scaling symmetry known as the trombone symmetry (this is an on-shell
symmetry for D 6= 2). This gives rise to a more general class of gaugings whereby a
subgroup of the full global duality group Ed(d) × R+ is promoted to a local symmetry.
The embedding tensor approach was extended to incorporate such trombone gaugings in
[6].
In this paper we consider D = 6 [4] and D = 5 [3] cases for which the vector fields
of the un-gauged/abelian theory are in the spinor representation 16 of SO(5, 5) ≡ E5(5)
and the fundamental representation 27 of E6(6) respectively. For further reference we
denote these representations as RV . The gaugings are specified by the embedding tensor
Θ̂M
α that projects generators tα of the global duality group Ed(d) ⊗ R+ to some subset
XM = Θ̂M
αtα which generate the gauge group and enter into covariant derivatives:
D = ∇− gAMXM . (18)
The index α of the embedding tensot is a multiindex which labels the adjoint representa-
tion of the duality group. According to its index structure the embedding tensor is in the
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RV ×Radj representation, where Radj is the adjoint representation of the global duality
group. In general it decomposes as
Θ̂M
α ∈ RV ⊗Radj = RV ⊕ . . . (19)
The preservation of supersymmetry gives a linear constraint restricting the embedding
tensor only to
Θ̂M
α ∈ 16s ⊕ 144c, for D = 6
Θ̂M
α ∈ 27⊕ 351, for D = 5.
(20)
The trombone gauging that is always in the representation RV corresponds to the on-
shell symmetry and doesn’t appear in the potential. The scalar potentials written further
below do not include the trombone. In the next two subsection we briefly review the
structure of the scalar sector of the maximal gauged supergravities in D = 5, 6 and
introduce expressions that we need for the further sections. Since the review is very brief
and doesn’t cover all the details we refer the reader to the relevant papers [3, 4, 6] and
[7].
4.1 D = 6 supergravity
Maximal supergravity in six dimensions is invariant under the global duality group SO(5, 5).
The representation RV is now the spinorial representation 16s of SO(5, 5). We let the
capital Latin indices run from 1 to 16 labelling this representation and the small Latin
indices run from 1 to 10 labelling the 10 representation of SO(5, 5). Then the components
of the projected generators XM can be written in the spinorial representation as
XMN
K = (XM)N
K = Θ̂M
ij(tij)N
K = Θ̂M
ij(Γij)N
K , (21)
where Γij = Γ[iΓj] are the generators tij in the spinorial representation while Γi are
16× 16 gamma matrices in the Majorana representation. This means that they are real
and symmetric
Γi
MN = Γi
NM . (22)
As it was shown in [4] and [6] the gauge group generators are given by
XMN
K = −θiLΓjLM(Γij)NK − 1
10
(Γij)M
L(Γij)N
KθL − θMδNK . (23)
The generators are only written in terms of the gauging θiM ∈ 144 and the trombone
gauging θM ∈ 16. The symmetric part ZMNK = X(MN)K then reads
ZMN
K = ΓiMN Zˆ
iM , ZiM = −θiM − 2
5
ΓiMNθN . (24)
Since the gauging θiM is in the 144 representation it satisfies the linear constraint
θiMΓiMN = 0.
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Scalar fields of the theory are elements of the coset space SO(5, 5)/SO(5) × SO(5)
that can be conveniently parametrised by SO(5, 5) valued 16× 16 matrices VMαα˙ [61]. its
inverse is defined by
VM
αα˙V Nαα˙ = δM
N , VM
αα˙V Mββ˙ = δ
α
β δ
α˙
β˙
. (25)
Here the dotted and the undotted small Greek indices run from 1 to 4 and label the spinor
representation 4 of each SO(5) in the coset.
In the absence of the trombone gauging the scalar potential can be written as
Vscalar = g
2Tr
(
T aˆT˜ aˆ − 1
2
T T˜
)
, (26)
where tilde denotes transposition and the T -tensors are given by [4]
(T aˆ)αα˙ = ViaˆθiMVMαα˙
(T
ˆ˙a)αα˙ = −Viˆ˙aθiMVMαα˙
T = T aˆγaˆ = −T ˆ˙aγ ˆ˙a.
(27)
Here the hatted small Latin indices label the vector representation 5 of SO(5) and dots
again distinguish between two SO(5)’s in the coset. The gamma matrices γaˆ and γ
ˆ˙α
are 4× 4 chiral gamma matrices whose vector indices are contracted without raising and
lowering. The 10× 5 matrices V are defined as
Viaˆ = 1
16
VM
αα˙(γaˆ)α
βΓi
MNVNβα˙,
Viˆ˙a = − 1
16
VM
αα˙(γ
ˆ˙a)α˙
β˙Γi
MNVNαβ˙.
(28)
According to the quadratic constraint the dotted and the undotted T tensors are not
independent and satisfy
T aˆαα˙T
aˆ
ββ˙ = T
ˆ˙a
αα˙T
ˆ˙a
ββ˙. (29)
4.2 D = 5 supergravity
In five dimensions the global duality group of the maximal supergravity is E6(6) that is
the maximal real subgroup of the complexified E6 group. The representation RV in this
case is given by the 27 representation of E6(6) and the capital Latin indices run from 1
to 27. The corresponding invariant tensor is a fully symmetric tensor dMNK that satisfies
the following identities
dMPQd
NPQ = δNM ,
dMRSd
SPTdTNUd
URQ =
1
10
δP(Mδ
Q
N) −
2
5
dMNRd
RQP ,
dMPSd
SQTdTRUd
UPV dV QWd
WRN = − 3
10
δNM .
(30)
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The linear constraint implied by supersymmetry restricts the full embedding tensor
Θ̂M
α to the 27⊕351 representation of E6(6). In the absence of the trombone gauging the
embedding tensor reads
ΘM
α = ZPQ(tα)R
SdRKLdMNKdSQL. (31)
The symmetric part of the gauge group generators ZMN
K = X(MN)
K is then given by
ZMN
K = dMNLZˆ
KL, ZˆKL = ZKL − 15
2
dKLMθM . (32)
A non-trivial relation among the generators of E6(6) that follows from the last line in (3)
is
(tα)M
K(tα)N
L =
1
18
δKMδ
L
N +
1
6
δLMδ
K
N −
5
3
dMNRd
RKL. (33)
Scalar fields of the theory live in the coset space E6(6)/USp(8) and can be parametri-
sed by the scalar matrix VMij with small Latin indices labelling the 8 representation of
USp(8). The scalar matrix VMij is antisymmetric in ij and satisfies VMijΩij = 0, where
Ωij = −Ωji is the symplectic invariant of USp(8). Thus, the scalar matrix has 27 × 27
components and its inverse is defined as
VMijVijN = δNM
VijMVMkl = δijkl − 1
8
ΩijΩ
kl.
(34)
The matrix V can be used to elevate the embedding tensor to the so-called T -tensor
that is USp(8) covariant field dependent tensor. We need this tensor since it appears in
the scalar potential. The convenient relation to be exploited below is [3]
XMN
P = VMmnVNklVijP
[
2δk
iT j lmn + T
ijpq
mnΩpkΩql
]
(35)
The tensor T klmnij belongs to the 315 representation while T
i
jlm is in the 36 ⊕ 315. It
is possible to write these two tensors in terms of two pseudoreal, symplectic traceless,
tensors A1
ij ∈ 35 and A2i,jkl ∈ 315 as
T klmnij = 4A2
q,[klmδn][iΩj]q + 3A2
p,q[klΩmn]Ωp[iΩj]q,
Ti
jkl = −ΩimA2(m,j)kl − Ωim
(
Ωm[kA1
l]j + Ωj[kA1
l]j +
1
4
ΩklA1
mj
)
.
(36)
Tensors A1 and A2 satisfy A1
[ij] = 0, A2
i,jkl = A2
i,[jkl] and A2
[i,jkl] = 0. The scalar
potential then can be written as
Vscalar = g
2
[
3|A1ij|2 − 1
3
|A2i,jkl|2
]
, (37)
where | |2 stands for the contraction of all indices.
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5 Algebraic structure
The general form of the structure constants XAB
C is always the same and is given by (9).
Under a particular U-duality group these split into certain representations that depend
on the duality group and are identified with gaugings. In this section we give an explicit
derivation of the embedding tensor and all gaugings starting from XAB
C in its general
form.
5.1 SO(5, 5): reduction to 6 dimensions
Maximal supergravity in 6 dimensions possesses a global duality group E5(5) = SO(5, 5).
The local group of the theory is SO(5)× SO(5). Thus the target space of scalar fields of
the theory is given by the coset
SO(5, 5)
SO(5)× SO(5) . (38)
The corresponding extended space of the Berman-Perry formalism has 16 dimensions and
the representation RV appears to be the spinorial representation of SO(5, 5).
The invariant tensor of the duality group is given by the contraction of two gamma
matrices in the Majorana representation
Y MNKL =
1
2
ΓiMNΓiKL, (39)
that are thus symmetric and real. Here capital Latin indices run from 1 to 16 and small
Latin indices run from 1 to 10 labelling the vector representation of SO(5, 5). Since the
generators tα of the duality group in the spinorial representation are given by Γij, where
the multiindex α is represented by the antisymmetric pair of vector indices, the projector
with correct normalisation is defined as
PN
M
L
K = − 1
32
(Γij)N
M(Γij)L
K . (40)
All gaugings of the maximal supergravity appear as components of the structure con-
stants (or the embedding tensor). Start with the trace part of the structure constants
(9)
XM¯N¯
N¯ = 4∂CW
C
M¯ +W
C¯
C ∂M¯W
C
C¯ =: −16θM¯ . (41)
By making use of the algebra of gamma matrices the symmetric part of the gaugings can
be extracted as
X(AB)
C = ΓiABZ
iC ,
Z i¯C¯ =
1
4
Γj¯C¯D¯Gj¯
i∂D¯Gi
i¯,
(42)
where the twist matrices in the vector representation Gi
j¯ are defined as
ΓiABGi
j¯ = Γj¯C¯D¯WC¯
AWD¯
B. (43)
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According to its indices the gauging ZiB is in the 16⊗ 10 = 16⊕ 144 representation of
SO(5, 5). Separating the 16 part of the gauging we obtain the trombone gauging θM
ZiMΓiMN = −4θN . (44)
What is left lives in the 144 representation and is defined as
θiM = −ZiM − 2
5
ΓiMNθN . (45)
After some algebra (see Appendix A) the structure constants can be rewritten in terms
of only these objects
XMN
K = −θiLΓjLM(Γij)NK −
1
10
(Γij)M
L(Γij)N
KθL − δKN θM . (46)
This has exactly the same structure as the embedding tensor of the maximal supergravity
in 6 dimensions (23)
XMN
K ∈ 16⊕ 144. (47)
with gaugings explicitly written in terms of the twist matrices as
θi¯M¯ = −1
4
Γj¯M¯D¯Gj¯
i∂D¯Gi
i¯ − 2
5
Γi¯M¯N¯θN ,
θN¯ = −
1
16
ΓA¯D¯i¯Γj¯A¯N¯Gi¯
i∂D¯Gi
i¯.
(48)
It is straightforward to check that the second line here is the same as (41) using the
definition of Gi
i¯ and the relation
Gj¯
j∂A¯Gj
i¯ =
1
8
ΓB¯K¯i¯Γj¯C¯K¯WC
C¯∂A¯WB¯
C . (49)
5.2 E6(6): reduction to 5 dimensions
In five dimensions vector fields of maximal supergravity transform in the 27 representa-
tion of the global duality group E6(6). The scalar fields transform non-linearly and are
parametrised by elements of the coset
E6(6)
USp(8)
. (50)
The group USp(8) is the R-symmetry group of the theory.
The U-duality invariant formalism of the extended geometry provides the extended
space to be 27 dimensional and the generalised vector indices A,B . . . label the 27 repre-
sentation of E6(6). The invariant tensor is given by the E6(6) symmetric invariant tensor
dMNK
Y MNRS = 10d
MNKdKRS, (51)
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that is subject to the following useful identities
dMPQd
NPQ = δNM ,
dMRSd
SPTdTNUd
URQ =
1
10
δP(Mδ
Q
N) −
2
5
dMNRd
RQP ,
dMPSd
SQTdTRUd
UPV dV QWd
WRN = − 3
10
δNM .
(52)
The trace part of the structure constant (9) is identified with the trombone gauging θM
and reads
XM¯N¯
N¯ = 9∂CW
C
M¯ +W
C¯
C ∂M¯W
C
C¯ = −27θM¯ . (53)
The intertwining tensor is given by the symmetric part of the structure constant ZMN
K =
X(MN)
K and is parametrised by the tensor ZˆMN in the 27⊕ 351
ZMN
K = dMNRZˆ
RK (54)
Taking the symmetric part of (9) and by making use of the identities (52) we have for
the symmetric part
ZˆM¯N¯ = 5dM¯K¯L¯WCL¯ ∂K¯W
N¯
C (55)
that has the same structure as (42) if one notices that
WMM¯ d
M¯K¯L¯ = dMKLW K¯KW
L¯
L (56)
since the twist matrices interpolate between the barred and the unbarred indices.
Subtracting the part of the tensor (55) that is symmetric in MN we are left with the
gauging in the 351 and the trombone gauging
ZMN = ZˆMN +
15
2
dMNKθK ,
θN¯ = 5 d
M¯B¯L¯dM¯N¯K¯W
L
L¯ ∂B¯W
N¯
L .
(57)
Thus the structure constant XMN
K is in the 27⊕ 351 representation of E6(6).
6 Scalar potential
The effective potential V = V (MAB, ∂KMAB) that depends on the generalised metric MAB
and its derivatives after twisting should become the scalar potential for the appropriate
gauged SUGRA. It appears that one must add an extra term of type
Y ABMN∂AEΞ
M∂BEΘ
NδΞΘ, (58)
where EΞ
M is a generalised vielbein and δΞΘ is the Kronecker delta. It can be always
added to the scalar potential since it is zero up to the section condition. This term is
necessary for two major reasons. Firstly, this term allows to write the potential in terms
of the structure constants XMN
K . Secondly, this terms provides the potential that is
invariant under gauge transformations (13). Not to be confused, one should think of this
term as a term that has always been in the potential but has usually been dropped because
of the section condition. After the section condition is relaxed it is important to add this
term since it provides the invariance of the potential.
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6.1 D = 6 supergravity
The effective potential in six dimensions is given by [35]
Veff =
1
16
MMN∂MM
KL∂NMKL − 1
2
MMN∂NM
KL∂LMNK+
+
11
1728
MMN(MKL∂MMKL)(M
RS∂NMRS) + 2Y
MN
KL ∂MEΘ
K∂NEΞ
LδΞΘ.
(59)
Here the 16 × 16 matrix MKL is the generalised metric and it is written in terms of the
metric gµν and the RR 3-form field Cµαβ
M =
1√
g
gµν +
1
2
Cµ
ρσCνρσ +
1
16
XµXν
1√
2
Cµ
ν1ν2 + 1
4
√
2
XµV
ν1ν2 1
4
g−1/2Xµ
1√
2
Cµ1µ2ν +
1
4
√
2
V µ1µ2Xν g
µ1µ2,ν1ν2 + 1
2
V µ1µ2V ν1ν2 1√
2
g−1/2V µ1µ2
1
4
g−1/2Xν 1√2g
−1/2V ν1ν2 g−1
 ,
(60)
where the small Greek letters here run from 1 to 5 labelling 5 compact directions and
V ρσ =
1
3!
ρσµνωCµνω, Xµ = CµνρV
νρ. (61)
The matrix EΞ
K is the vielbein for MMN = EΘ
MEΞ
NδΘΞ and the capital Greek indices
run from 1 to 16 labelling flat spinorial indices.
For the convenience of notations we define the object
fA¯B¯
C¯ = WC
C¯∂A¯W
C
B¯, (62)
where WCB¯ is the twist matrix introduced in (7). Then using the definition (9) the
structure constant can be written as
XMN
K = fMN
K − fNMK + Y KLBN fLMB, (63)
that us true for the extended geometry formalism in any dimension.
From now on we assume that the trombone gauging vanishes and that the matrix MMN
is unimodular. The latter can be always arranged by rescaling the generalised metric by
g = det(gµν). The only effect this has on the potential is change in the coefficients of the
terms proportional to derivatives of the determinant. Summarising we have
θM = 0, detW = 1,
fAB
A = 0, fAB
B = 0,
∂CW
C
B¯ = 0.
(64)
In cases when it doesn’t confuse the reader the bar notation is dropped to make expression
less heavy. In all expressions which include terms with both barred and unbarred indices
these are treated carefully. One should remember that such quantities like XMN
K , fMN
K
or gaugings always have flat barred indices and not be confused if they appear without
bar. Taking this into account, the effective potential is given by
Veff = V1 + V2 + V3 + SC, (65)
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where
V1 = −1
8
MMNfNP
LfML
P +MMNfMP
LfLN
P ,
V2 =
1
2
MMNfPM
LfLN
P ,
V3 = M
MNMKLMRS
(
1
8
fMK
RfNL
S − 1
2
fKM
RfNL
S
)
,
SC =
1
2
Y MNKL fMR
KfNS
LMRS.
(66)
By integrating ∂P and ∂L by part in V2 it can be shown that this term is zero up to a full
derivative. To proceed further and to be able to use gamma matrices algebra we need to
define objects in the vector representation
fAj
i =
1
8
(Γj
i)K
LfAK
L,
mi¯j¯Γ
j¯A¯B¯ = Γi¯R¯S¯M
R¯A¯M S¯B¯,
XMi
j =
1
8
(Γi
j)K
LXML
K
(67)
By making use of these definitions the part V3 can be written as
V3 =
1
4
(ΓbΓ
n)NLfKi
jfNm
bmimmjnM
KL =
1
16
XMi
jXNk
lMMNmikmjl =
1
32
XMR
KXNS
LMMNMRSMKL.
(68)
Indeed, the first two lines of (67) imply that
fMK
RfNL
SMRSM
MNMKL = 2fMi
jfNm
nMMNmnjm
mi,
fKM
RfNL
SMRSM
MNMKL =
1
2
(Γnb)
N
LfKi
jfNm
bmimmjnM
KL.
(69)
These two equalities lead to the first line in (68). The definitions (62) and (9) together
with the condition θM = 0 allow to write the structure constants XMN
K in terms of fAB
L
4ZiC = ΓiABfAB
C ,
XMN
K =
1
4
ΓiABΓjLM(Γij)N
KfAB
L.
(70)
Note, that this relation can not be inverted i.e. it is impossible to write fAB
C in terms of
XMN
K and just substitute it into the potential. Basically, this follows from the first line
of the equation above, that includes only symmetric part. Finally, substituting the last
line of the equation (67) into the second line of (68) and using the identities above one
exactly recovers the first line in (68).
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To obtain the term V1 + SC one may use the following relations
Y RLSMXKR
S = −3XKML,
Y RLSMfKR
S = −3fKML,
(71)
that follow from the explicit form of the structure constant (46), relation between XMN
K
and fMN
K (63), identities (3) involving the invariant tensor Y KLMN and the condition θM =
0. Then the term V1 + SC of the effective potential can be written as
V1 + SC = −1
8
XMK
LXNL
KMMN . (72)
Indeed, substituting (63) into the expression above one encounters exactly V1 + SC plus
a term, proportional to V2, that is a full derivative.
Finally, the effective potential can be recast in the following form
Veff = −1
8
XMK
LXNL
KMMN +
1
32
XMR
KXNS
LMMNMRSMKL. (73)
This expression reproduces exactly the scalar potential for maximal gauged supergravity
in D = 6 dimensions up to a prefactor
Veff = 6Tr
[
T aˆT˜ aˆ − 1
2
T T˜
]
= 6Vscalar. (74)
The details of this calculation are provided in Appendix B.1.
The effective potential (73) is invariant under transformations (13) because of the
quadratic constraint (16) (see Appendix B).
6.2 D = 5 supergravity
The low energy effective potential for the E6(6) invariant M-theory has the same form as
in the SO(5, 5) case up to coefficients [35]
Veff =
1
24
MMN∂MM
KL∂NMKL − 1
2
MMN∂NM
KL∂LMNK+
+
19
9720
MMN(MKL∂MMKL)(M
RS∂NMRS)− 1
2
Y MNKL ∂MEΘ
K∂NEΞ
LδΞΘ.
(75)
We again add the term proportional to the section condition that includes the vielbein
EΘ
M = (dete)−1/2
eµi − 1√2eµjCji1i2 12eµi3U + 14eνi3CµjkV νjk0 eµ1 [i1eµ2 i2] − 1√2eµ1j1eµ2j2V j1j2i3
0 0 (dete)−1ei3µ3
 , (76)
where the capital Greek letters now run from 1 to 27, the small Latin and Greek indices
run from 1 to 6 labelling curved and flat space respectively. The fields U and V ijk are
defined as
U =
1
6
ijklmnCijklmn,
V ikl =
1
3!
iklmnjCmnj.
(77)
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Here the 6-form field Cijklmn is a new field that was not present in the previous example
because the dimension was lower than 6.
Using the same notations for fMN
K as in the previous subsection and setting detM = 1
and θM = 0 we have for the twisted effective potential
Veff = V1 + V2 + V3 + SC, (78)
with
V1 = − 1
12
MMNfNP
LfML
P +MMNfMP
LfLN
P ,
V2 =
1
2
MMNfPM
LfLN
P ,
V3 = M
MNMKLMRS
(
1
12
fMK
RfNL
S − 1
2
fKM
RfNL
S
)
,
SC =
1
2
Y MNKL fMR
KfNS
LMRS.
(79)
Again the part V2 is the full derivative and can be dropped.
It is straightforward to check the following identities
Y RLSMXKR
S = −5XKML,
Y RLSMfKR
S = −5fKML,
Y KABL XAN
B = XLN
K + 4XNL
K ,
(80)
that can be derived exactly in the same fashion as (71). The analogue of the second line
of (67) is
MM¯N¯d
N¯K¯L¯ = dM¯N¯R¯M
N¯K¯M R¯L¯ (81)
and implies that the indices of the invariant tensor are raised and lowered by the gener-
alised metric. This is in agreement with the definition of the unimodular matrix
MMN = VMijVNklΩikΩjl (82)
and the following representation of the invariant tensor [4]
dMNK = VMijVNklVKmnΩjkΩlmΩni (83)
if one takes into account the condition VMijΩij = 0.
Using the identities (80), the definition (81) and the last line of (3) we deduce for the
effective potential
Veff =− 1
12
XMK
LXNL
KMMN +
1
12
XMR
KXNS
LMMNMRSMKL+
+
1
10
XRM
KXNS
LMMNMRSMKL.
(84)
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The first term can be verified using the same technique as in the previous section. Namely,
substituting the structure constant XMN
K from (63) and taking into account the identities
(80) one obtains that the first term in the equation above is V1 +SC plus a full derivative
term.
The derivation of the second and the third term is longer but straightforward. Lets
sketch the idea here on the example of the second term XMR
KXNS
LMMNMRSMKL.
Substituting here the expression (63) and expanding the brackets one obtains terms of
the types
fMR
KfNS
LMMNMRSMKL, fRM
KfNS
LMMNMRSMKL
fMR
KY LABNfAS
BMMNMRSMKL, fRM
KY LABNfAS
BMMNMRSMKL,
Y KQMP fQR
PY LABNfAS
BMMNMRSMKL.
(85)
Lets show that the third term in the second line is exactly proportional to the second
term in the first line. Substituting the invariant tensor Y MNKL = 10d
MNPdPKL as using the
relation (81) two times one can verify the following identities
fRM
KY LABNfAS
BMMNMRSMKL = 10fRM
KdCLAdCBNfAS
BMMNMRSMKL =
10fRM
KdCBNfAS
BdKPQM
CPMAQMMNMRS =
10fRM
KfAS
BdPMJMJBdKPQM
AQMRS = fRM
KfAS
BY MJKQMABM
AQMRS =
− 5fRQJfASBMJBMAQMRS,
(86)
where the identity (80) was used in the last line. Using the same idea one simplifies the
last line in (85). Finally, the contributions like the first term in the second line of (85)
coming from two last terms in (84) precisely cancel each other.
After long algebraic calculations it can be derived that the expression (84) is up to a
prefactor equal to the scalar potential of maximal gauged supergravity in 5 dimensions
Veff =
9
2
|Aij1 |2 −
1
2
|Ai,jkl2 |2 =
3
2
Vscalar, (87)
where the | |2 stands for the contraction of all indices. To show this one expresses the
potential in terms of the T -tensor by making use the relation (35). Finally, rewriting the
T -tensor in terms of the A-tensor as (36) and using the properties of the A-tensors one
obtains the scalar potential of the maximal gauged supergravity.1 We refer the reader to
Appendix B for the proof that the potential (84) is invariant under gauge transformations
(13).
7 Conclusions and Discussion
The above results show that the idea of Scherk-Schwarz reduction works in detail for
d = 5 and 6 as well. Thus this work extends [57] where the case d=4 was done in detail
and the details for other dimensions were only sketched.
1We found the computer algebra system Cadabra [62, 63] very useful in dealing with long calculations.
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The most interesting point to mention here is that geometry of the extended space
plays an important role in the picture presented above. It is not just a Kaluza-Klein
reduction where fields does not depend on internal coordinates. The extended space
should be an extended geometry analogue of a parallelisable space so the dependence
on the dual coordinates should be of a particular form. These constraints match the
quadratic constraint on the embedding tensor of gauged supergravity. Although there
are many papers [59, 43, 42] considering geometry of the extended space it is not fully
understood how to describe this object. In this work we investigate a very particular
situation but we hope it may contribute to the full picture of the extended geometry.
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9 Appendix
9.1 SO(5, 5) gaugings
While the trombone is obtained in a straightforward way from the gauge group generators
XMN
K one has to do some algebra to get the remained gauging θiM . This section is to show
how this gauging can be obtained by suitable projections of the gauge group generators.
The gauge group generators XMN
K evaluated in the representation RV have the form
XMN
K = ΘαM(tα)N
K +
(
16
5
(tα)M
P (tα)N
K + δPMδ
K
N
)
θP , (88)
where tα are the generators of the global duality group and are given by (Γij)N
K . The
embedding tensor reads
ΘM
ij = −θL[iΓj]LM . (89)
Thus the gaugings can be explicitly separated out by the following contractions
XMN
K(Γij)K
NΓjMR = 128 θiR − 144
5
ΓiRSθS. (90)
By making use of the first line of the definitions (67) one can show that the generators
(9) contracted in the same way give exactly (90) with gaugings defined as (48). Indeed,
lets rewrite the generators XMN
K using the second line of (3)
XMN
K = fMN
K +
1
8
(Γij)N
K(Γij)C
BfBM
C +
1
4
δKN fBM
B. (91)
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Contracting with the generator and the gamma matrix as in (90) we obtain
XMN
K(Γij)K
NΓjMR = (fMN
K − 4fNMK)(Γij)KNΓjMR (92)
To show that this is exactly (90) one needs to do some simple algebra and use the following
identities
θiM = −1
4
ΓjMDfDj
i − 2
5
ΓiMNθN ,
fAP
R =
1
4
ΓiPQΓ
jQRfAj
i − 1
4
fAB
BδRP ,
fAj
iΓi
ABηjk = 4θkB +
8
5
ΓkBCθC +
1
4
ΓkABfAR
R,
Y BKCL fAK
L = −3fACB − 2fKAKδBC − 8δBC θA.
(93)
Here the first line is just a rewriting of (48), the second line is a consequence of the
definition (67) and the last line here. Finally, the third and the last lines are obtained
directly by making use of properties of twist matrices.
9.2 Effective potential for SO(5, 5) case
Since the generalised metric MMN is a coset representative we identify it with the uni-
modular matrix of [4] that has the same meaning and is defined as
MMN = VM
αα˙VN
ββ˙ΩαβΩα˙β˙, (94)
where Ωαβ and Ωα˙β˙ are the symplectic invariants of Spin(4) corresponding to each SO(5)
in the coset. These matrices are antisymmetric Ωαβ = −Ωβα and are used to raise and
lower spinor indices ΩαβΩ
βµ = δα
µ. The matrices V αα˙M are coset representatives of
SO(5, 5)
SO(5)× SO(5) . (95)
Recall the effective potential (73) that comes from Scherk-Schwarz reduction of M-
theory in the extended space formalism
Veff = −1
8
XMK
LXNL
KMMN +
1
32
XMR
KXNS
LMMNMRSMKL. (96)
To show that this expression exactly reproduces the scalar potential of D = 6 gauged
supergavity one needs the following relation
ΓiABV
Bββ˙ = V aˆi (γaˆ)αβV αβ˙A − V ˆ˙ai (γ ˆ˙a)α˙β˙V βα˙A , (97)
that follows from the invariance of the SO(5, 5) gamma-matrices [4].
Consider the first term of the potential since it is easier to proceed. The calculations
for the second term are longer but the idea is the same. In the absence of the trombone
gauging the structure constants read
XMN
K = −θiLΓjLM(Γij)NK . (98)
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Taking into account the quadratic constraint θiMθjNηij = 0, where ηij is 10-dimensional
flat metric and simple gamma-matrix algebra, one can write
V1 = −1
8
XMK
LXNL
KMMN = −2 θiAθkBΓiBNΓkAMMMN . (99)
The next step is to substitute the explicit expression of the generalised metric MMN in
terms of the coset representatives (94) and use the identity (97). This gives
V1 = −2θiAθkB
(
V aˆi (γaˆ)µαV µα˙B − V ˆ˙ai (γ ˆ˙a)µ˙α˙V αµ˙B
)
×(
V bˆk(γ bˆ)νβV νβ˙A − V
ˆ˙
b
k(γ
ˆ˙
b)ν˙
β˙V βν˙A
)
ΩαβΩα˙β˙.
(100)
Using the definition of the T-tensor (27) this expression can be written only in terms of
(T aˆ)αα˙ and (T
ˆ˙a)αα˙
V1 =2(T
aˆ)να˙(T
bˆ)µα˙(γaˆ)µ
α(γ bˆ)α
ν − 2(T ˆ˙a)να˙(T bˆ)αµ˙(γ ˆ˙a)µ˙α˙(γ bˆ)αν−
2(T aˆ)αν˙(T
ˆ˙
b)µα˙(γaˆ)µ
α(γ
ˆ˙
b)α˙
ν˙ + 2(T
ˆ˙a)αν˙(T
ˆ˙
b)αµ˙(γ
ˆ˙a)µ˙
α˙(γ
ˆ˙
b)α˙
ν˙ ,
(101)
where one should not that the matrices γaˆ and γ
ˆ˙a are antisymmetric. Reversing the order
of the gamma matrices in the first and the last terms one obtains
V1 =4(T
aˆ)αα˙(T
aˆ)αα˙ − 4Tαα˙Tαα˙ + 4(T aˆ)αα˙(T aˆ)αα˙
=8Tr
[
T aˆT˜ aˆ − 1
2
T T˜
]
,
(102)
where the identities in the last line of (27) and (4.1) were used and tilde denotes trans-
position that implies Tr
[
T T˜
]
≡ Tαα˙Tαα˙.
The same but longer calculation shows that the second term in the potential V2 gives
the same expression up to prefactor
V2 = −2Tr
[
T aˆT˜ aˆ − 1
2
T T˜
]
. (103)
Together V1 and V2 result in
Veff = 6Tr
[
T aˆT˜ aˆ − 1
2
T T˜
]
= 6Vscalar. (104)
9.3 Invariance of the potential
In this section we show the details of the proof that the potentials (73) and (84) are
invariant under the gauge transformations (13). In the dynamical picture of the extended
geometry the potential is invariant due to the section condition. In the Scherk-Schwarz re-
duction of the theory the invariance of the potential is assured by the quadratic constraint
(16).
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The terms that contribute to the effective potentials in d = 5, 6
XMK
LXNL
KMMN ,
XMR
KXNS
LMMNMRSMKL,
XRM
KXNS
LMMNMRSMKL
(105)
are invariant separately. Start with the first term. Its transformation gives
δΣ
(
XMK
LXNL
KMMN
)
= 2XMK
LXNL
KXRS
MΣRMSN =
= −2[XR, XS]KLXNLKΣRMSN = −4Tr[XR, XS, XN ]Σ[RMS]N =
= −2XSNKTr[XK , XR]ΣRMSN = −2X(SN)KXKPQXRQPΣRMSN = 0,
(106)
where we used the closure constraint (16) in the first line and cyclic symmetry of the trace
in the second line. The last step here exploits the condition X(AB)
CXCK
L = 0.
For the transformation of the second term we have
δΣ(XMR
KXNS
LMMNMRSMKL) = 2XMR
KXNS
LXPQ
MΣPMQNMRSMKL+
+ 2XMR
KXNS
LXPQ
MΣPMMNMQSMKL − 2XMRKXNSXPKQΣPMMNMRSMQL.
(107)
After relabelling the indices the last two terms can be recast in the following form
(XMR
KXPQ
R −XMQRXPRK)XNSLΣPMMNMQSMKL =
= (XPXM −XMXP )Q KΣPMMNMQSMKL =
= −XPMRXRQKΣPMMNMQSMKL.
(108)
This is exactly the first term in (107) but with the opposite sign. Thus the second term
in (105) is invariant under the gauge transformations. The proof of the invariance of the
third term is exactly the same.
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